Abstract. Under the presence of anisotropic sources in the inflationary era, the trispectrum of the primordial curvature perturbation has a very specific angular dependence between each wavevector that is distinguishable from the one encountered when only scalar fields are present, characterized by an angular dependence described by Legendre polynomials. We examine the imprints left by curvature trispectra on the T T µ bispectrum, generated by the correlation between temperature anisotropies (T) and chemical potential spectral distortions (µ) of the Cosmic Microwave Background (CMB). Due to the angular dependence of the primordial signal, the corresponding T T µ bispectrum strongly differs in shape from T T µ sourced by the usual g NL or τ NL local trispectra, enabling us to obtain an unbiased estimation. From a Fisher matrix analysis, we find that, in a cosmic-variance-limited (CVL) survey of T T µ, a minimum detectable value of the quadrupolar Legendre coefficient is d 2 ∼ 0.01, which is 4 orders of magnitude better than the best value attainable from the T T T T CMB trispectrum. In the case of an anisotropic inflationary model with a f (φ)F 2 interaction (coupling the inflaton field φ with a vector kinetic term F 2 ), the size of the curvature trispectrum is related to that of quadrupolar power spectrum asymmetry, g * . In this case, a CVL measurement of T T µ makes it possible to measure g * down to 10 −3 .
Introduction
Measurements of higher-order correlators of the primordial curvature fluctuation can play a crucial role in understanding the initial conditions of our Universe. In the usual singlefield slow-roll inflationary scenario, the induced curvature perturbation is a nearly Gaussian field, and all the statistical information is then confined to the 2-point correlator or the power spectrum [1, 2] . In contrast, higher-order correlators, such as the bispectrum and the trispectrum, are direct indicators for non-Gaussianity (NG), and their presence indicates the evidence for, e.g., some other source fields or some nonlinear interactions. Detailed analyses of their features, such as the shape and the scale dependence, or tests of the consistency relations between n-point and (n − 1)-point correlators, thus provide essential information to select observationally viable Early Universe models (see e.g., [3] [4] [5] [6] [7] and references therein for review).
Primordial higher-order correlation functions have been deeply investigated using observational data of the Cosmic Microwave Background (CMB) anisotropies [8] [9] [10] . Recent analyses using Planck data give constraints on primordial NGs with nearly cosmic-variance-limited (CVL) level accuracy [6, 7, 11] , as long as CMB temperature anisotropies are concerned. Higher-order correlators related to Large Scale Structure (e.g., [12] [13] [14] [15] ) or 21-cm fluctuations (e.g., [16] [17] [18] [19] [20] [21] ) are expected as future NG observables. This paper focuses on another observable that has been shown to be particularly promising to constrain primordial NG, namely the correlation between CMB temperature (T) fluctuations and CMB µ-type chemical potential spectral distortions, induced by heat release due to diffusion of acoustic waves, at redshifts from 2 × 10 6 to 5 × 10 4 . µ-distortions display a quadratic dependence on the primordial curvature perturbation, while the temperature depends linearly on it. The curvature bispectrum and trispectrum can therefore source T µ and µµ correlations, respectively [22] . Detectability analyses, based on futuristic µ-distortion anisotropy surveys, have been carried on for several theoretically-motivated NG templates [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . Observational constraints on the usual local NG parameters, f NL and τ NL , based on Planck estimates of T µ and µµ, are already available [33] . In [34] , we recently analyzed T T µ as an observable which depends on the curvature trispectrum. Our main finding was that, contrary to µµ, T T µ is sensitive not only to τ NL but also to the other local trispectrum parameter, g NL , potentially improving with respect to the constraints that can be obtained with the trispectrum of CMB anisotropies.
An important difference between µµ and T T µ lies in the number of degrees of freedom: the angular power spectrum of µµ depends on only one mode, while T T µ varies in 3D harmonic space ( 1 , 2 , 3 ). It is therefore expected that T T µ is more sensitive to some details of the NG shapes and has an advantage in discriminating between different primordial trispectrum shapes. In this paper, we examine T T µ generated from curvature trispectra with angular dependence [35] , characterized by
where k 12 ≡ k 1 + k 2 , P (k) denotes the power spectrum of the curvature perturbation, and P L (x) are the Legendre polynomials. This exactly expresses the angular dependence arising from the presence of anisotropic sources, 1 such as primordial vector fields present during inflation (see e.g. [36] [37] [38] [39] [40] [41] [42] ). In addition to d 0 , a nonzero d 2 appears in inflationary models where the inflaton field couples to a vector field via a f (φ)F 2 interaction [35, [43] [44] [45] (note that, for the L = 0 case, Eq. (1.1) is independent of any angle and hence equivalent to a τ NLtype trispectrum, with the replacement d 0 = τ NL /6). The same model also predicts nonzero c 0 and c 2 in the curvature bispectrum template [43] :
where the L = 0 case is equivalent to the usual local NG template and hence c 0 = (6/5)f NL . 2 Later we show that T µ due to c L and µµ due to d L vanish except for L = 0, while T T µ due to d L becomes nonzero for any even L. This is due to the difference of number of degrees of freedom mentioned above. The structure of this paper follows that of previous papers about T T T from c L [43] and T T T T from d L [35] . We start by computing T T µ using the flat-sky approximation, and see how the 3D k-space angular dependence in Eq. (1.1) is projected to the 2D space. After that, we recompute T T µ in full-sky and show, both via visual inspection and by actually computing correlation coefficients, that T T µ from d 2 has a very different shape compared to those induced by d 0 (or equivalently τ NL ) and g NL . We then forecast error bars with a Fisher matrix analyses, showing that d 2 ∼ 0.01, which is 4 orders of magnitude below the smallest detectable value from T T T T , is accessible by a CVL measurement of T T µ. Finally, we focus 1 In this paper, "anisotropic sources" mean objects sourcing a nontrivial angle dependence between each wavevector in the angle-averaged observables or the isotropized curvature correlators like Eqs. (1.1) and (1.2).
2 Other examples that give rise to bispectra and trispectra shapes of the type described in Eqs. (1.1) and (1.2) are the so-called solid inflation models [46] [47] [48] [49] , which are based on a specific internal symmetry obeyed by the inflaton fields, and which, e.g., produce in the bispectrum c2 c0. Recently a model with a f (φ)(F 2 + FF ) coupling has been proposed as the first example of an inflationary model where c1 is generated [42] . Large-scale non-helical and helical magnetic fields in the radiation-dominated era do also generate c0, c2 and c1 [43, 50, 51] . See [52] for other possibilities of generating anisotropic NGs.
on the f (φ)F 2 model. In this case, due to the model-dependent consistency relations, c 0,2 and d 0,2 are expressed in terms of the parameter of the quadrupolar power spectrum asymmetry, g * [35, 39, 43] . The sensitivities to d 0,2 tell that g * ∼ 10 −3 is, in principle, accessible by T T µ, and the 1D correlators T µ and µµ, could further improve the sensitivity to g * . This paper is organized as follows. In the next section we compute T T µ from d L on the flat-sky and full-sky basis, and discuss residual angular dependence projected on -space. In Sec. 3 we analyze the sensitivity to d L and some related parameters, and estimate the correlation coefficients between each shape, by employing the Fisher matrix. Section 4 contains our conclusions.
Angular dependence in the T T µ bispectrum
In this section, we analyze signatures of the angle-dependent curvature trispectrum (1.1) in the T T µ bispectrum. Before employing the exact full-sky expression, we start to see how the angular dependence in k space is projected to space, by employing the flat-sky formalism.
We consider effects of µ-type spectral distortions induced by heating due to damping of acoustic waves, at redshifts varying from z i ∼ 2 × 10 6 to z f ∼ 5 × 10 4 . The injected heat depends on the photon energy density, therefore induced µ-distortion anisotropies depend quadratically on the primordial curvature perturbations. This is summarized in the following formula, obtained via line-of-sight integration [22, 23, 33, [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] :
wheren = (sin θ cos φ, sin θ sin φ, cos θ) is the line-of-sight direction and x ls is the conformal distance to the last scattering surface. The transfer function from ζ to µ is determined by the diffusion scales k D (z) at three specific redshifts,
The harmonic expansion, a
, results in the full-sky expression:
On the other hand, in the small θ (or equivalently large ) limit, the line-of-sight vector can be approximately projected on a flat space asn (θ cos φ, θ sin φ, 1) ≡ (Θ x , Θ y , 1), and the flat-sky expansion
, then becomes reasonable [67] . Substituting Eq. (2.1) into this yields
where k ≡ (k , k z ) (respectively the wave-vector components parallel and perpendicular to the plane orthogonal to the line-of-sight).
In the same way, we can derive the full-sky and flat-sky expression of CMB temperature anisotropies [67] [68] [69] , reading 6) where τ 0 is the present conformal time, S T (k, τ ) is the scalar-mode source function for temperature fluctuations,
Flat-sky expression
Using the flat-sky expressions (2.4) and (2.6), T T µ generated from the curvature trispectrum can be written as
Due to the filtering by
, are suppressed in the integrals above, enabling to approximate δ (3) (
On the other hand, for L = odd, ζ k 1 ζ k 2 ζ K 1 ζ K 2 vanishes in the squeezed limit and hence
also vanishes. Cleaning up the wavevector integrals in Eq. (2.9) leads to
where
We are now interested in the very high-behavior. The modes with
and K 3 x ls 3 then contribute dominantly to the wavenumber integrals; thus, we may drop very small terms, such as
With these and a further large-approximation on the delta functions:
with
For this derivation, we have parametrized the curvature power spectrum as P (k) = 2π 2 A S k −3 and dealt with the K 1 integral as
It is obvious from the flat-sky expression (2.14) that the peculiar angular dependence of the curvature trispectrum (1.1) in k space is directly reflected on -space by the correspondence relations (2.11) and (2.12). This results in a shape difference between T T µ bispectra for different L-modes. Equation (2.14) allows us to derive the ratios of the L = 2 bispectrum to the L = 0 one for the squeezed-isosceles, flattened and equilateral triangles as 18) showing an example of size and sign changes of T T µ due to the L-mode difference. The overall shape of b
is displayed in the right top panel of Fig. 1 . The similarity of color pattern with the full-sky shape (left top panel of Fig. 1 ) confirms the accuracy of our flat-sky formula (2.14) for large .
Full-sky expression
With Eqs. (2.3) and (2.5), the full-sky T T µ is formulated as
Also in this equation, the wavevector integrals are determined by the squeezed-limit signal
In the angle-dependent trispectrum case, such signal is highly suppressed for L = odd, so a nonvanishing T T µ is realized only for L = even. Plugging Eq. (2.8) into the above equation and evaluating theK 1 and K 2 integral with the , showing the strong resemblance between the full-sky and flat-sky expressions for 1 , 2 , 3 100. In the left (right) bottom panel we also describe the full-sky b T T µ,d0 squeezed-limit approximation:
The angle dependence of the wavevectors in this equation can be decomposed using spherical harmonics, together with the identities:
l 1 l 2 l 3 0 0 0 . After expressing the angular integrals over products of spherical harmonics in terms of Wigner symbols, summing over angular momenta similarly as done in [34, 43, 69] , and dealing with the K 1 integral in the same manner as for the previous flat-sky computation, we finally get the angle-averaged form
and
In the small-limit, the Sachs-Wolfe (SW) approximation:
, is reasonable and hence
Substituting these and a further small-approximation:
, into Eq. (2.24), we obtain the SW-limit formula: Higher values tend to be induced by nonzero C µµ,d0 . . This visual inspection prompts the expectation that the T T µ bispectra generated by the different types of trispectra we are considering will display a very low level of correlation, as indeed confirmed in Fig. 2 , where correlation coefficients are explicitly computed. These shapes can thus be clearly distinguished using T T µ.
Both the exact (2.24) and the SW-limit (2.30) results will be employed in the Fisher matrix computations, discussed in the next section.
Forecasts
In this section we discuss the detectability of the angle-dependent curvature trispectrum (1.1) in future surveys. We focus especially on d 2 , since it is the lowest order mode (physically motivated) characterizing a non-trivial angular dependence and producing distinctive features in T T µ. In fact a non-zero value of d 2 is predicted in concrete inflationary models such as the vector field model, along with d 0 (= τ NL /6) [35, [43] [44] [45] .
Let us consider the Fisher matrix:
T T µ,j ). This expression for the Fisher matrix is valid under assumptions that off-diagonal components, all NG contributions and the T µ correlation are negligible in the covariance matrix; the latter condition can be expressed as (C T µ ) 2 C T T C µµ . The observed µµ power spectrum is given by the sum of the signal from the Gaussian part of curvature perturbations, the isotropic NG part from d 0 , and the instrumental noise spectrum, reading (see Fig. 1 ), ∆d 2 scales in the same way as ∆τ NL , as −1 max [34] . In contrast, as described in Fig. 3 , ∆d 2 estimated from the CMB temperature trispectrum (T T T T ) scales more rapidly, like −2 max [35] . Despite this disadvantage, interestingly, T T µ can outperform T T T T for max < 1000 even if d 0 increases up to ∼ 100. For a perfectly ideal scenario, with d 0 = 0 and N µ = 0, the smallest detectable value of d 2 is d 2 ∼ 0.01.
On the other hand, in realistic experiments such as Planck [70] , PIXIE [71] and CMBpol [72] , nonzero instrumental noise and finite angular resolution will worsen sensitivities. Including the following specifications: (N µ , µ ) = (10 −15 , 861) (Planck), (10 −17 , 84) (PIXIE) and (2 × 10 −18 , 1000) (CMBpol) [23, 27] , into the Fisher matrix (3.1), we obtain ∆d T T µ 2 | d 0 =0 = 2.7 × 10 5 (Planck), 2.7 × 10 4 (PIXIE) and 1.2 × 10 4 (CMBpol) at max = 1000.
In Fig. 4 , with more futuristic T T µ measurements in mind, we extend N µ from 10 −18 to 10 −30 . One can see that the expected d 2 -sensitivity plateaus when N µ becomes very small and cosmic variance (C µµ,G + C µµ,d 0 ) dominates over C µµ . Therefore, when d 0 10,
becomes flat so quickly (due to the large value of C µµ,d 0 ) that T T µ cannot outperform T T T T , even for very small µ noise levels, N µ . In order to get ∆d 
Detectability of
In the above analysis, we treat d 0 and d 2 as independent parameters. However, upon specifying the inflationary model, these can be related to each other.
For a practical example, here, let us consider an inflationary model where the inflaton field couples to a U(1) gauge field with a non-vanishing vacuum expectation value via a f (φ)F 2 interaction. The directional dependence of the gauge fieldÂ is now directly imprinted on the correlators of curvature perturbations via such interaction. The time dependence of f (φ) controls the scale dependence of the correlation functions, and a nearly scale-invariant shape can be realized by choosing f (φ) ∝ a −4 , with a(τ ) denoting the scale factor. Since effects of the gauge field on the curvature perturbation, via f (φ)F 2 , are always quadratic, a quadrupolar modulation, g * (k ·Â) 2 , is generated in the power spectrum [37, 40, 73] . Moreover, nonzero c 2 and d 2 components arise in the bispectrum [39, 43] and the trispectrum [35, [43] [44] [45] , in addition to c 0 and d 0 . These parameters are then related to each other and we can express c L and d L by means of a single parameter g * as [35, 43] c 0 = 2c 2 ≈ 3.2 |g * | 0.01
2) 3) where N is the number of e-folds, before the end of inflation, at which the observed modes leave the horizon. Note that the approximations in these equations are reasonable, especially for large-field inflation models [40] . These relations lead to (C T µ ) 2 C T T C µµ , allowing us to use the Fisher matrix forms (3.1), (A.5) and (A.6) in our forecasts (See Appendix A for details).
In Fig. 5 , we plot 1σ errors on g * (∆g * ), translated via a Fisher matrix analysis from ∆d ; namely, ∆g * ∝ N µ for large N µ and ∆g * = const. for small N µ , is confirmed from the T T µ lines in the top panel, as expected. Moreover, we notice that ∆g * from T T µ is boosted by the increase of g * . This leads to the result that, in d 2 measurements based on T T µ, g * = 10 −3 is, in principle, undetectable (i.e., ∆g * > g * with any small N µ ). However, g * = 10 −2 , comparable to the latest upper bound from T T [74] [75] [76] and to the smallest detectable value from T T T [35, 43] , is measurable if N µ 10 −24 . If we consider the d 0 component, T T µ achieves better sensitivity and g * = 10 −3 , comparable to the smallest detectable value from T T T T [35] , is observable if we reduce N µ below ∼ 10 −22 . On the other hand, we realize from the bottom panel in Fig. 5 that the best limits on ∆g * can be obtained from µµ and T µ. In this sense, T T µ will be useful to cross-check a possible nonzero g * signal observed in µµ and T µ.
Conclusions
If some anisotropic source is present in the very Early Universe, the primordial trispectra of curvature perturbations can display a characteristic, non-trivial angular dependence between different wavenumbers k, which can be expressed in terms of Legendre polynomials. This paper discussed the possibility to observe such angular dependence using a new type of observable, recently found in [34] , namely the T T µ correlation function generated from CMB temperature and µ-distortion anisotropies. For the sake of intuitive understanding, we started our calculation of angular-dependent T T µ by employing the flat-sky approximation (in analogy with the previous CMB temperature trispectrum analysis done in [35] ), and verified that the specific angular dependence in k-space gets directly projected to -space. Therefore, T T µ changes its amplitude and sign, depending on the angle between each .
After this preliminary calculation, we performed a more accurate full sky quantitative analysis. Using a Fisher matrix approach, we found that T T µ from the L = 2 mode in the Legendre-type template (1.1) is nearly orthogonal to T T µ from the L = 0 mode (or equivalently the τ NL -type trispectrum) and T T µ from the g NL -type trispectrum. This is an important feature when it comes to discriminating between shapes. Our parameter forecasts showed that, in the absence of the L = 0 mode (i.e., d 0 = 0), a CVL-level measurement of µ-distortion fluctuations enables us to detect the L = 2 mode with d 2 ∼ 0.01 sensitivity, which is 4 orders of magnitude smaller than the value accessible by the temperature trispectrum (T T T T ). Even in more realistic cases, T T µ could outperform T T T T , although instrumental uncertainties and additional cosmic variance, generated by nonzero d 0 , reduce the sensitivity to d 2 . Once fixing the inflationary model, the parameters of the power spectrum, bispectrum and trispectrum are related to each other. Considering the f (φ)F 2 model, and employing the consistency relation (3.3), we reach the conclusion that a quadrupolar power asymmetry with g * ∼ 10 −3 could, in principle, be detected from T T µ.
Plugging Eq. (1.2) into this and evaluating with the squeezed-limit filtering by
We notice that the contribution of the L ≥ 1 mode vanishes since
In the same manner, one can verify that µµ from the L ≥ 1 mode of Eq. (1.1) is highly suppressed. The angular power spectrum reads a
The expected errors on c 0 and d 0 , described in the bottom panel of Fig. 5 , are computed, respectively, as ∆c
These indicate ∆c indicating that C T µ can be ignored in the Fisher matrix for g * in the f (φ)F 2 model (because of the observational constraints |g * | 0.01 [74] [75] [76] ).
B Constant model
We here derive T T µ sourced from the constant curvature trispectrum:
4 n=1 k n [P (k 1 )P (k 2 )P (k 3 )P (k 4 )] 3/4 , (B.1) used as a normalization in Fig. 1 . The normalization by the constant model template has been originally employed to draw the CMB bispectra [77, 78] and trispectra [79] . This trispectrum is independent of wavenumbers of the sum of two wavevectors, such as |k 1 + k 2 |, and hence has a similar structure to the g NL -type trispectrum. By the application of the approach for the g NL case [34] , we can obtain a form reasonable for 3 ≤ k rec x ls ∼ 2000: 
(r, z i ) is sharply peaked at r ∼ x ls , compared with η T 
The r integral and the L 1 summation now give just a dimensional number, so η T in Fig. 1 .
